Abstract. Let k be a differential field of characteristic zero and E be a liouvillian extension of k. For any differential subfield K intermediate to E and k, we prove that there is an element in the set K − k satisfying a linear homogeneous differential equation over k. We apply our results to study liouvillian solutions of first order non linear differential equations and provide generalisations and new proofs for several results of M. Singer and M. Rosenlicht on this topic.
Introduction
Throught this article, we fix a differential field k of characteristic zero. Let E be a differential field extension of k and let ′ denote the derivation on E. We say that E is a liouvillian extension of k if E = k(t 1 , · · · , t n ) and there is a tower of differential fields k = k 0 ⊂ k 1 ⊂ · · · ⊂ k n = E such that for each i, k i = k i−1 (t i ) and either t ′ i ∈ k i−1 or t ′ i /t i ∈ k i−1 or t i is algebraic over k i−1 . If E = k(t 1 , · · · , t n ) is a liouvillian extension of k such that t ′ i ∈ k i−1 for each i then we call E an iterated antiderivative extension of k. A solution of a differential equation over k is said to be liouvillian over k if the solution belongs to some liouvillian extension of k.
Let P be an n + 1 variable polynomial over k. We are concerned with the liouvillian solutions of the differential equation (1.1) P(y, y ′ , · · · , y (n) ) = 0.
We prove in theorem 2.2 that if E is a liouvillian extension of k and K is a differential field intermediate to E and k then K = k u 1 , · · · , u l where for each i, the element u i satisfies a linear differential equation over k u 1 , · · · , u i−1 .
Moreover if E is an iterated antiderivative extension of k having the same field of constants as k then each u i can be chosen so that u ′ i ∈ k(u 1 , · · · , u i−1 ), that is, K is also an iterated antiderivative extension of k.
Our result regarding iterated antiderivative extensions generalises the main result of [8] to differential fields k having a non algebraically closed field of constants. The main ingredient used in the proof our theorem is the lemma 2.1 using which we also obtain the following interesting results concerning solutions of non linear differential equations.
A. In remark 2.3, we show that if E is an iterated antiderivative extension of k having the same field of constants and if y ∈ E and y / ∈ k satisfies a differential equation y ′ = P(y), where P is a polynomial in one variable over k, then degree of P must be less than or equal to 2.
B. Let C be an algebraically closed field of characteristic zero with the trivial derivation. In proposition 3.1, we prove that for any rational function R in one variable over C, the differential equation y ′ = R(y) has a non constant liouvillian solution y if and only if 1/R(y) is of the form ∂z/∂y or (1/az)(∂z/∂y) for some z ∈ C(y) and for some non zero element a ∈ C. This result generalises and provides a new proof for a result of Singer (see [5] , corollary 2). We also prove that for any polynomial P in one variable over C such that the degree of P is greater than or equal to 3 and that P has no repeated roots, the differential equation (y ′ ) 2 = P(y) has no non constant liouvillian solution over C. This result appears as proposition 3.2 and it generalises an observation made by Rosenlicht [4] concerning non constant liouvillian solutions of the elliptic equation (y ′ ) 2 = y 3 + ay + b over complex numbers with a non zero discriminant.
C. Using theorem 2.2 one can construct a family of differential equations with only algebraic solutions: Let α 2 , α 3 , · · · , α n ∈ k such that x ′ = α 2 and x ′ = α 3 for any x ∈ k. Let k be an algebraic closure of k and let E be a liouvillian extension of k with C E = C k . We prove in proposition 3.3 that if there is an element y ∈ E such that
In a future publication, the author hopes to develop the techniques in this paper further to provide an algorithm to solve the following problem, which appears as "Problem 7" in [7] : Give a procedure to decide if a polynomial first order differential equation P(y, y ′ ) = 0, over the ordinary differential field C(x) with the usual derivation d/dx, has an elementary solution and to find one if it does.
Preliminaries and Notations. A derivation of the field k, denoted by ′ , is an additive endomorphism of k that satisfies the Leibniz law (xy) ′ = x ′ y+xy ′ for every x, y ∈ k. A field equipped with a derivation map is called a differential field. For any y ∈ k, we will denote first and second derivative of y by y ′ and y ′′ respectively and for n ≥ 3, the nth derivative of y will be denoted by y (n) . The set of constants C E of a differential field E is the kernel of the endomorphism ′ and it can be seen that the set of constants is a differential subfield of k. Let E and k be differential fields. We say that E is a differential field extension of k if E is a field extension of k and the restriction of the derivation of E to k coincides with the derivation of k. Whenever we write k ⊂ E be differential fields, we mean that E is a differential field extension of k and we write y ∈ E − k to mean that y ∈ E and y / ∈ k. The transcendence degree of a field extension E of k will be denoted by tr.d(E|k). If E is a field (respectively a differential field), M is a subfield (respectively a differential subfield) of E and K is a subset of E then the smallest subfield (respectively the smallest differential subfield) of E containing both M and K will be denoted by M (K) (respectively by M K ). It is easy to see that the field M (K) is a differential field if both M and K are differential subfields of a differential field. It is well known that every derivation of k can be uniquely extended to a derivation of any algebraic extension of k and in particular, to any algebraic closure k of k.
Thus if E is a differential field extension of k and tr.d(E|k) = 1 then for any y ∈ E transcendental over k the derivation ∂/∂y on k(y) uniquely extends to a derivation of E. We refer the reader to [1] , [2] and [3] for basic theory of differential fields and for the reader's convenience and for easy reference, we record a basic result concerning liouvillian extensions in the following theorem. THEOREM 1.1. Let k be a differential field, E be a field extension of k and w ∈ E be transcendental over k. For an element α ∈ k if there is no element x ∈ k such that x ′ = α then there is a unique derivation on k(w) such that w ′ = α and that C k(w) = C k . Similarly, if there is no element x ∈ k such that x ′ = lαx for any positive integer l then there is a unique derivation on k(w) such that w ′ = αw and that C k(w) = C k . Finally, if E is a differential field extension of k having an element u algebraic over k such that u ′ ∈ k then there is an element β ∈ k such that u ′ = β ′ .
Role of First Order Equations
In this section we prove our main result. The proof is based on the theory of linearly disjoint fields and in particular, we will heavily rely on the following lemma.
Lemma 2.1. Let k ⊂ E be differential fields and let K and M be differential fields intermediate to E and k such that K and M are linearly disjoint over k as fields. Suppose that there is an element y ∈ M (K) − M such that
Proof. Let B := {e α | α ∈ J} be a basis of the k−vector space M . Since M and K are linearly disjoint, B is also a basis of
where u j ∈ K and for i = 1, · · · , r,
where each n pi , l pi and m p belongs to k.
Now, from the equation
Hence the lemma is proved. THEOREM 2.2. Let E be a liouvillian extension field of k and let K be a differential field intermediate to E and k. Then
III. If k is an algebraically closed field then there is an element u ∈ K −k such that u ′ = au + b for some a, b ∈ k.
IV. Finally, if k is algebraically closed field and c ′ = 0 for all c ∈ k, then there is an element z ∈ K − k such that either z ′ = 1 or z ′ = az for some element a ∈ k.
Proof. We will use an induction on tr.d(E|k) to prove item I. For any differential field k * intermediate to E and k we observe that E is a liouvillian extension of k * and therefore for differential fields
, we shall assume that the item I of our theorem holds. If u ∈ K is algebraic over k then the vector space dimension
} is linearly dependent and therefore u satisfies a linear differential equation over k. Since k is of characteristic zero, there exist an element u 1 ∈ K such that that k(u 1 ) is the algebraic closure of k in K. Replacing k with k(u 1 ), if necessary, we shall assume that k is algebraically closed in K and that tr.
and choose the largest positive integer m so that k m−1 and K are linearly disjoint over k. Since k is algebraically closed in K and the characteristic of k is zero, the field k m−1 is algebraically closed in k m−1 (K). Now our choice of m guarantees that t m is not algebraic over k m−1 and that t m is algebraic over k m−1 (K). Let P(X) = n i=0 a n X n be the monic irreducible polynomial of t m over k m−1 (K) and let l be the smallest integer such that a n−l / ∈ k m−1 . Expanding the equation ( n i=0 a i t i m ) ′ = 0 and comparing it with the equation n i=0 a i t i m = 0, we obtain
Thus there is an element a n−l ∈ k m−1 (K) − k m−1 such that either a ′ n−l ∈ k m−1 or a ′ n−l /a n−l ∈ k m−1 . Now we apply lemma 2.1 and obtain an element
Since k is algebraically closed in K, such an element u 2 must be transcendental over k and we now prove item I by setting k * = k u 2 and invoking the induction hypothesis.
Let E be an iterated antiderivative extension of k with C E = C k . We shall choose elements t 1 , · · · , t n ∈ E so that E = k(t 1 , · · · , t n ) and that t 1 , · · · , t n are algebraically independent over k (see [8] , theorem 2.1). Let L(Y ) = 0 be a linear homogeneous differential equation over k of smallest positive degree n such that L(u) = 0 for some u ∈ K − k. Let u ∈ k i − k i−1 and observe that the ring k i−1 [t i ] is a differential ring with no non trivial differential ideals (see [3] 
and an induction on the transcendence degree, as in the proof of I, will prove II.
Suppose that the differential field k is an algebraically closed field. Let L(Y ) = 0 be a linear homogeneous differential equation over k of smallest positive degree n such that L(u) = 0 for some u ∈ K − k. Then L(Y ) = 0 admits a liouvillian solution and since k is algebraically closed, the field of constants C k is algebraically closed as well. It follows from [6] 
, where L n−1 (Y ) = 0 and L 1 (Y ) = 0 are linear homogeneous differential equations over k of degrees n−1 and 1 respectively. Thus from the choice of L, we must have L 1 (u) ∈ k.
Suppose that k is an algebraically closed field with the trivial derivation. Assume that there is no z ∈ K − k such that z ′ = 0. We know from II that there is an element u ∈ K − k such that L(u) = 0, where L(Y ) = Y ′ − bY − c for some b, c ∈ k. If b = 0 then let z = (u/c) and observe that z ′ = 1. Therefore we shall assume that b = 0. We will now show that there is an element z ∈ k(u) − k such that z ′ = mbz for some integer m > 0. Suppose that there is no such integer m. Then we shall consider the field E = k(u)(X), where X is transcendental over k(u) and define a derivation on E with X ′ = bX. Then from theorem 1.1 we obtain that C E = C k(u) . But
Thus we obtain X ∈ k(u), which is absurd. Hence the theorem is proved.
Remark 2.3. Let E be an iterated antiderivative extension of k with C E = C k . Then E = k(t 1 , · · · , t n ), where t 1 , · · · , t n are algebraically independent over k and furthermore, the differential field E remains a purely transcendental extension over any of its differential subfields containing k (see [8] , theorems 2.1 & 2.2). Suppose that y ∈ E − k and that y ′ = P(y) for some polynomial P in one variable over the differential field k. We will now show that deg P ≤ 2. The field k(y) is a differential field intermediate to E and k and therefore, by theorem 2.2, there is an element z ∈ k(y) − k such that z ′ ∈ k. Moreover, the element y is algebraic over the differential subfield k(z). Then since E is a purely transcendental extension of k(z), we obtain that y ∈ k(z). Thus k(y) = k(z) and from Lüroth's theorem, we know that there are elements a, b, c, d ∈ k such that ad − bc = 0 and that
Let P(y) = a n y n + a n−1 y n−1 + · · · + a 0 , a n = 0 and z ′ = r ∈ k and observe that
Since a n = 0 and ad − bc = 0, comparing the coefficients of y n in the above equation, we obtain that n ≤ 2. On the other hand, the differential equation Y ′ = −rY 2 has a solution in E − k, namely, 1/z and thus the bound n ≤ 2 is sharp.
First Order Non Linear Differential Equations
Let C be an algebraically closed field of characteristic zero and view C as a differential field with the trivial derivation c ′ = 0 for all c ∈ C. Consider the field C(X) of rational functions in one variable X. We are interested in the non constant liouvillian solutions of the following differential equations (i) y ′ = R(y), where R(X) ∈ C(X) is a non zero element and (ii) (y ′ ) 2 = P(y), where P(X) ∈ C[X] and P(X) has no repeated roots in C.
Suppose that there is a non constant element y in some differential field extension of C satisfying either (i) or (ii) then C(y, y ′ ) must be a differential field, the element y must be transcendental over C and for any z ∈ C(y), we have
In the next proposition we will generalise a result of Singer (see [5] , corollary 2) concerning elementary solutions of first order differential equations. Proof. Let y be a non constant liouvillian solution of Y ′ = R(Y ). From equation 3.1, we observe that if z ∈ C(y) and z ′ = 0 then ∂z/∂y = 0 and since the field of constants of C(y) with the derivation ∂/∂y equals C, we obtain that z ∈ C. Since y is liouvillian, the differential field M = C(y) is contained in some liouvillian extension field of C and therefore, applying theorem 2.2, we obtain an element z ∈ C(y) − C such that either z ′ = 1 or z ′ = az for some (non zero) a ∈ C. Now it follows immediately from equation 3.1 that 1/R(y) has the desired form. Let y ′ = R(y) and 1/R(y) equals ∂z/∂y or (1/az)(∂z/∂y) for some z ∈ C(y) and for some non zero element a ∈ C. Then since z ′ = y ′ (∂z/∂y), we obtain z ′ = 1 or z ′ = az. From the fact that C(y) ⊃ C(z), we see that y is algebraic over the liouvillian extension C(z) of C and thus C(y) is a liouvillan extension of C. Proof. Suppose that there is a non constant liouvillian solution y satisfying the equation (Y ′ ) 2 = P(Y ). Since C is algebraically closed, such an element y must be transcendental over C. Applying theorem 2.2 to the differential field C(y, y ′ ), we obtain that there is an element z ∈ C(y, y ′ ) − C such that either z ′ = 1 or z ′ = az for some a ∈ C. We will first show that there is no z ∈ C(y, y ′ ) − C with z ′ = az for any a ∈ C.
For ease of notation, let P = P(y) and observe that P is not a square in C[y] and thus y ′ / ∈ C(y) and therefore y ′ lies in a quadratic extension of C(y). Write z = A + By ′ , where A, B ∈ C[y] and B = 0. Then, taking derivatives, we obtain A ′ + B ′ y ′ + By ′′ = z ′ and using equation 3.1, we obtain
If there is a non zero element z ∈ C(y, y ′ ) such that z ′ = az then, by comparing coefficients of the above equation, we obtain ∂A ∂y = aB and (3.2)
Multiplying the equation 3.3 by 2B and using 3.2, we obtain ∂(B 2 P )/∂y = ∂A 2 /∂y. Thus there is a non zero constant c ∈ C such that and thus we obtain deg P = 2, which contradicts our assumption. Now let us suppose that z ∈ C(y, y ′ )−C such that z ′ = 1. Then ∂A/∂y = 0, which imples A ∈ C and we have (∂B/∂y)P + (B/2)(∂P/∂y) = 1. Thus
It is clear from the above equation that B cannot be a polynomial and that B cannot have a pole of order 1. On the other hand if c ∈ C is a pole of B of order m ≥ 1 then we shall write
where R ∈ C(y) and c is not a pole of R. Since P has no repeated roots, we conclude that B 2 P has a pole at c of order ≥ 2m − 1 and thus c is a pole of ∂(B 2 P )/∂y of order ≥ 2m. This contradicts equation 3.5. Extend the derivation to the field of fractions E of C[Y, X]/I. Now, in the differential field E, we have elements x, y such that y ′ = x, x ′ = a/2 and (y ′ ) 2 = ay + b. Let z = 2x/a and note that z ′ = 1. Since tr.d(E|C) = 1, the field E is algebraic over C(z) and thus E is liouvillian over C. Thus the equation (Y ′ ) 2 = aY + b admits non constant liouvillian solutions. For the polynomial f (X) = 1 − X 2 ∈ C(X), where C is the field of complex numbers, we have ( d dx (sin x)) 2 = f (sin x) and thus n ≥ 3 is necessary for the proposition 3.2 to hold.
In the next proposition, we shall construct differential equations whose liouvillian solutions, from liouvillian extensions having the same field of constants, are all algebraic over the ground field. Proposition 3.3. Let k be an algebraic closure of k and let E be a liouvillian extension of k with C E = C k . Let
where α 1 , α 2 , · · · , α n ∈ k and suppose that there is an element y ∈ E − k such that F (y, y ′ ) = 0.
I. If there is an element γ ∈ k such that γ ′ = α 1 γ then there is no z ∈ k(y) − k such that z ′ /z ∈ k. II. If α 1 = 0 and x ′ = α 2 for all x ∈ k then there is an element w ∈ k(y) − k and an element v ∈ k such that w ′ = α 2 and that v ′ = α 3 .
Proof. Suppose that there is an element z ∈ k(y) − k such that z ′ = αz for some α ∈ k. Write z = P/Q for some relatively prime polynomials P = Let us assume that α 1 = 0 and that x ′ = α 2 for all x ∈ k. From theorem 2.2, we obtain an element z ∈ k(y) − k with z ′ = αz + β for some α, β ∈ k. We claim that there is an element z 1 ∈ k(y) − k with z ′ 1 ∈ k. Write z = P/Q for some relatively prime polynomials P = αP Q + βQ
Comparing the constant terms of the above equation, we have αa 
Compare the coefficients of y m and obtain
Taking z 1 = b m z/a 0 , we prove our claim. Thus, in the above calculations, we shall suppose that α = 0. Then we have
Equating the coefficients of y m , we obtain a ′ 0 b m − b ′ m a 0 = 0 and thus for some non zero c ∈ C k , we have ca 0 = b m . Note that if m ≥ 2 then comparing the coefficient of y m+1 , we obtain Since (b m+1 + ca 1 )/(mca 0 ) ∈ k, we shall apply theorem 1.1 and obtain a contradiction to our assumption on α 2 . Therefore m = 1 and from equation 3.10, we have f ′ = α 2 + cβ, where f = (b 2 + ca 1 )/(ca 0 ). Then (f − cz) ′ = α 2 , where f − cz ∈ k(y) and f − cz / ∈ k. This proves the first part of item II. Now, in all the above calculations, we shall assume that α = 0 and β = α 2 . Then f ′ = (1 + c)α 2 and note that if c = −1 then (f /(1 + c)) ′ = α 2 and again we obtain a contradiction to our assumption on α 2 . Thus c = −1. Now, f ′ = 0 and consequently we have a 1 − b 2 = c 1 a 0 for some constant c 1 ∈ C k . We compare the coefficients of y 3 and obtain Final Comments. One can slightly extend the proposition 3.3 to include differential equations of the form y ′ = α n y n + · · · + α 3 y 3 + α 2 y 2 + α 1 y, when γ ′ /γ = α 1 for some non zero γ ∈ k and x ′ = γα 2 and x ′ = γ 2 α 3 for any x ∈ k. The proof that there are no elements in E − k satisfying the differential equation follows immediately from proposition 3.3 once we observe that (y/γ) ′ = γ n−1 α n (y/γ) n + · · · + γ 2 α 3 (y/γ) 3 + γα 2 (y/γ) 2 . Let C(x) be the field of rational functions in one variable over the field of complex numbers with the usual derivation ′ = d/dx. It is evident that Y = −x is a liouvillian solution of the differential equation
Since x ′ /x = 1/x, we see that y is a solution of equation 3.12 if and only if y/x is a solution of Y ′ = (1/x)(Y 3 +Y 2 ). Now it follows from proposition 3.3 that equation 3.12 has no solution in E − C(x) for any liouvillian extension E of C(x) with C E = C C(x) .
